Mechanics of blood £ow in the coronary circulation have in the past been based largely on models in which the detailed architecture of the coronary network is not included because of lack of data: properties of individual vessels do not appear individually in the model but are represented collectively by the elements of a single electric circuit. Recent data from the human heart make it possible, for the ¢rst time, to examine the dynamics of £ow in the coronary network based on detailed, measured vascular architecture. In particular, admittance values along the full course of the right coronary artery are computed based on actual lengths and diameters of the many thousands of branches which make up the distribution system of this vessel. The results indicate that e¡ects of wave re£ections on this £ow are far more signi¢cant than those generally suspected to occur in coronary blood £ow and that they are actually the reverse of the well known wave re£ection e¡ects in the aorta.
INTRODUCTION
It is a fundamental assumption in cardiovascular medicine that a patent blood vessel will convey blood. Atherosclerotic lesions obstruct the vessel and decrease the £ow; vasodilator drugs dilate the vessel and increase the £ow, or reduce the e¡ort required to pump it, hence the relevance to an ailing heart. In reality, however, blood £ow is a concoction of forward and backward waves and resistance to £ow depends not only on a vessel's own properties or patency but on conditions throughout a massive vascular structure.
Because of lack of data, studies of wave propagation and wave re£ections in vascular trees have in the past been based mostly on theoretically prescribed geometrical parameters of the tree structure (Taylor 1966a,b) or on estimates from some measurements (Attinger 1963; Avolio 1980; Fung 1984; Green 1950; Helal et al. 1990; Mall 1906; McDonald 1974; Weibel 1963) . A considerable amount of insight has been gained from these studies regarding the behaviour of pressure and £ow waves as they travel along a vascular tree, particularly under the e¡ects of wave re£ections. The phenomenon of pressurè peaking' in the human aorta, for example, where the pressure wave initially peaks rather than decays as it progresses, was fully explained in terms of wave re£ection e¡ects (Barnard et al. 1966; Kouchoukos et al. 1970; Lighthill 1975; McDonald 1974) and methods of computing such e¡ects in any tree structure are now available (Duan & Zamir 1995) .
To extend these results to other parts of the cardiovascular system requires knowledge of the particular vascular architecture and mode of branching in each case, as the dynamics of the £ow are actually determined by these factors. For example, the peaking phenomenon observed in the descending aorta, together with conclusions drawn from it, are limited to a mode of branching peculiar to that level of the vascular system, and cannot be readily extended to other levels where geometrical architecture is not known. In fact, it has been shown that modes of branching at higher and lower levels of the arterial tree are di¡erent . For these reasons data on the structure of arterial trees have been generally sought for some time and have become gradually available in the past two decades (Hors¢eld & Woldenberg 1989; Singhal et al. 1973; Zamir & Brown 1982) .
Of particular interest is the vascular tree that supplies the heart with blood for its own nourishment: thè coronary network'. Understanding the mechanics of coronary blood £ow is particularly important, because by far the most frequent cause of heart failure is lack of blood supply to the heart itself. Of many factors which may contribute to the complexity of coronary blood £ow, wave re£ections have generally been assumed to play an insigni¢cant role because the length scale of the coronary arteries is small compared with that of the propagating wave. To date, the validity of this assumption has not been tested due to lack of data.
MATERIALS AND METHODS
Results presented here are based on a set of data that was acquired recently from a cast of the right coronary artery (RCA) of a human heart (Zamir 1996) . This artery is one of two main vessels that bring the blood supply to the heart from the aorta. It has an extensive tree structure, whereby it serves the right ventricle as well as part of the left ventricle (¢gures 1 and 2). As in other vascular trees, the underlying branching pattern is that of repeated bifurcations, whereby a vessel segment divides into two branches, then each of these divides into two branches, and so on. If the initial segment of the RCA is designated as level 0 of the tree, and branches at its ¢rst division as level 1, etc., then 52 such levels and a total of 4531 vessel segments were identi¢ed. The length and diameter of each segment were measured and its position on the tree structure was identi¢ed by a simple coordinate pair ( j,k) where the ¢rst represents the level of the tree to which the segment belongs, and the second represents a sequential position within that level (¢gure 3).
By its nature, being based on measurements taken from a cast of the vascular system, this study has no access to any measure of elasticity of the vessel wall or of the prevailing wave speeds. In the computation of wave re£ections to follow, this was dealt with by taking a representative value of the modulus of elasticity and by assuming the vessel wall thickness to be a simple fraction of the measured diameter. Together, the two assumptions amount to taking a constant wave speed of approximately 1m s À1 . Although this is a severe idealization of the problem, it must be weighed against the main objective of the study, which is to examine the e¡ects of vascular geometry based on the data actually measured. Some earlier studies (Rumberger & Nerem 1977) tackled the problem of measuring wave speed and other velocities in vivo, but measurements of vascular geometry in the massive tree structure of the coronary network and of wave re£ections resulting from that structure cannot be done in vivo. Indeed, Rumberger & Nerem (1977) concluded that some of the results that they observed in their study were caused by`wave re£ections occurring continuously within the system . . . and whose nature is not explicitly known'. The latter is the subject of the present study.
INPUT ADMITTANCE
A property to be examined in this study is the so-called input or e¡ective`admittance' along the RCA. Admittance Y in pulsatile £ow is the ratio of £ow to pressure, usually measured at the tube's entrance, and is thus a measure of the amount by which the tube`admits' £ow. It is a reciprocal of the better-known`impedance' Z, which is de¢ned as the ratio of pressure to £ow, and is thus a measure of the amount by which the tube`impedes' the £ow. The ¢rst of these is better suited to studies of £ow in vascular tree structures, and is thus used here, because at each junction of the tree, typically a bifurcation in which a parent vessel divides into two branches, the admittances of the two branches simply add to produce their combined admittance.
In the absence of wave re£ections, where the £ow is entirely in the forward direction, admittance depends on properties of the tube only, not on the frequency of oscillation of the £ow. It is then referred to as the`characteristic' admittance of the tube and is approximately given by Y 0 A/&c, c 2 Eh/&d (Fung 1984) , where A and d are cross-sectional area and diameter of the tube, respectively, h and E are its wall thickness and modulus of elasticity, & is £uid density and c is the speed of wave propagation within the tube. The e¡ects of £uid viscosity are neglected in these expressions, which is particularly appropriate for the present study, in order to isolate the e¡ects of branching geometry. Two earlier studies, in which the e¡ects of £uid viscosity and viscoelasticity of the vessel wall were examined extensively (Duan & Zamir 1992 , 1995 , have indicated that these e¡ects only moderate the e¡ects of wave re£ections but do not alter their general trend.
In the presence of wave re£ections the input or e¡ective admittance is the ratio of net £ow to net pressure at the entrance to the tube. The net pressure consists of the sum of forward and backward pressure waves which, in a single harmonic solution, are respectively given by
where p 0 is the amplitude of the input pressure wave at the tube's entrance, 3 is frequency of the input wave, x is streamwise distance from the tube entrance, L is tube length, t is time, R is re£ection coe¤cient at the end of the tube, and i À1 p . The net £ow consists of the di¡er-ence between forward and backward £ow waves which are related to the corresponding pressure waves by
Wave re£ections arise when oscillatory £ow meets a change of admittance, from Y 0 say in one tube, to Y t in another. At the junction between the two tubes, part of the forward wave is re£ected back, and the re£ection coef¢cient R is de¢ned as the ratio of backward to forward pressure at the junction. If, at the junction, it is assumed that the net £ow transmitted into the second tube is equal to the di¡erence between forward and re£ected £ow waves in the ¢rst tube, and the net transmitted pressure is equal to the sum of the corresponding pressure waves, then the re£ection coe¤cient is given by
and the input admittance for the ¢rst tube is given by
APPLICATION TO ARTERIAL TREE
Arterial trees consist typically of repeated arterial bifurcations in which a parent artery divides into two branches, then each of the two branches in turn divides into two branches, and so on (Zamir & Brown 1982) . There are two basic di¤culties in any analysis involving the tree. First, after only 30 consecutive bifurcations the number of branch segments is over 10 9 . Although typically many of these branches may not be present, owing to the peculiar anatomical structure of the tree, a scheme must be devised to identify all those present in terms of their location on the tree. Second, measurements of basic properties of these branch segments are required, most important of which are length and diameter of each segment.
To deal with the ¢rst di¤culty, studies in the past have generally used the concept of`whole vessels' which was found to be useful for a statistical description of some elements of the tree (Green 1950; Mall 1906; Singhal et al. 1973; Weibel 1963) . In more recent years, the concept of vessel segments' has been found to provide a better medium for accurate mapping of a tree structure (Duan & Zamir 1995; Zamir & Phipps 1988) , and this scheme is followed in the present paper. A vessel segment is de¢ned as the vascular interval between two consecutive junction points. Its position on the tree structure is identi¢ed by a simple coordinate pair ( j,k), where the ¢rst represents the generation or level of the tree to which the segment belongs, and the second represents the sequential position of the segment within that generation (¢gure 3). Using this notation, the e¡ective admittance of a vessel segment at position ( j,k) on the tree, from equation (4), is given by
where the terminal admittance at the bifurcation at the downstream end of the segment at ( j,k) is taken as the sum of the e¡ective admittances of the two branches, namely Y e ( j 1,2k) Y e ( j 1,2k À 1). Equation (5) provides an iterative formula for the computation of e¡ective admittance along the tree structure. As e¡ective admittance of the tube segment at location ( j,k) depends on e¡ective admittances at locations (j 1,2k) and (j 1,2k À 1), the computation scheme must proceed backwards, from branches to parents. One set of e¡ective admittances must be known in order to begin the process: it is assumed here that the e¡ective admittances of the terminal branches are the same as their characteristic admittances and are therefore known. It is important to note that this assumption does not imply that terminal branches themselves produce no wave re£ections, but that there are no wave re£ections reaching them from the venous side of the network. From these known values the e¡ective admittances of all other tube segments along the tree structure are computed in an iterative manner using equation (5).
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Proc. R. Soc. Lond. B (1998) Because e¡ective admittance depends on the frequency 3, this process must be repeated for each required frequency. Then, at each frequency, the re£ection coe¤-cients are calculated using equation (3) with the computed set of e¡ective admittances for that frequency.
RESULTS AND DISCUSSION
Results are shown in ¢gure 4 where moduli of the e¡ec-tive admittances of the 27 segments of the RCA are compared with their characteristic admittances. The corresponding phase angles are shown in ¢gure 5. Because the di¡erence between the e¡ective and characteristic admittances is due entirely to wave re£ections, the large di¡erences observed in these ¢gures indicate that these e¡ects are fairly large in coronary blood £ow. Furthermore, at each of the ¢rst 14 segments of the RCA the e¡ective admittance is actually higher than the characteristic admittance of that segment, that is, wave re£ections are here acting to increase the admittance at each level. They are acting to £uid dynamic advantage.
In the descending aorta, where e¡ects of wave re£ec-tions in the cardiovascular system were ¢rst encountered and where they are most commonly discussed, the reverse is known to happen. In that case, wave re£ections cause the admittance to decrease from one level of the tree to the next, thus causing the well-known peaking phenomenon. The di¡erence between the two situations, in simple words, is that peaking in the aorta is equivalent to wave re£ections clogging the system and requiring more energy to drive the £ow. In the tree structure of the RCA reported here, wave re£ections actually increase the admittance and thereby help the £ow. I believe that this e¡ect is not peculiar to the heart, but rather to peripheral levels of the arterial tree in general, where the progression of vessel diameters from one level to the next is di¡erent from that at central levels of the tree . The drastic change observed at level 14 in ¢gure 4 also con¢rms the important role which the`right' coronary artery plays in blood supply to the`left' side of the heart. At level 14 the RCA gives rise to the posterior descending artery that serves the interventricular septum, and at subsequent levels it gives rise to branches which serve the posterior left ventricular wall. Figure 4 shows that on its route to these regions the RCA is actually aided by wave re£ections emanating from them and acting to increase the admittance of the vessel as it approaches.
An increase of admittance along a tree structure, which corresponds to a decrease of impedance, can arise only from negative values of re£ection coe¤cients at junction points along the tree. Values of the re£ection coe¤cients corresponding to the results in ¢gure 4 were, therefore, calculated as indicated above and are shown in ¢gure 6. The ¢gure indicates clearly that the real part of the coe¤-cient (which is complex in the present case) is decidedly negative in the ¢rst 14 junctions along the RCA.
Comparison of the results at 1Hz and at 10 Hz in ¢gures 4^6, indicates that the increase of admittance produced by wave re£ections is highest at the lower frequency. This result is con¢rmed and is seen more clearly in the spectrum of input admittance at the mouth of the RCA, shown in ¢gure 7. In general, as the frequency increases in a tree structure, where the re£ection coe¤cients are 442 M. Zamir Coronary blood £ow Proc. R. Soc. Lond. B (1998) positive, it is found that initially the impedance decreases, hence the admittance increases. In the present case, by contrast, the reverse is happening, clearly due to the negative values of re£ection coe¤cients.
Results at di¡erent values of the frequency f ( 3/2%) can also be interpreted as results at di¡erent values of the wave speed c. A change in the value of c has two e¡ects on the results. The ¢rst is a static e¡ect that simply changes the values of Y 0 uniformly throughout the tree and hence does not alter the nature of the results. The second is a dynamic e¡ect that depends on the ratio f /c. Results at f 10 Hz, c 10 m s À1 , therefore, would be the same as those shown in ¢gures 4^6 at f 1 Hz, c 1 m s À1 . Similarly, results at f 1 Hz, c 10 m s À1 , would be the same as those at f 0X1 Hz, c 1 m s À1 (these were actually obtained, but are not shown as they produced the same admittance pro¢les as those shown in ¢gure 4, at f 1 Hz, c 1 m s À1 ). In other words, with c 1 m s À1 , frequencies lower than 1Hz did not produce any further change, which can be interpreted to mean that higher values of c would not produce any further change in the admittance pro¢les shown in ¢gure 4.
Finally, the location of the ¢rst node in the frequency spectrum of the input admittance in ¢gure 7, at approximately 20 Hz, corresponds to a major re£ection site at 12.5 cm distance from the mouth of the RCA. The calculation is based on the usual assumption that the site is at a onequarter wavelength away from the entrance, and on a wave speed of 1m s À1 . Similarly, the second node at approximately 70 Hz corresponds to a site at 3.6 cm. In the schematic diagram of ¢gure 2, these distances from the mouth of the RCA correspond approximately to those of junctions 8 and 14. The actual distances of these sites as measured in our earlier study were 5.0 cm and 13.5 cm respectively (Zamir 1996) . The extensive vascular structure arising at these two junctions, as indicated by the large number of branch segments arising there (¢gure 2) is certainly consistent with there being large, accumulated wave re£ection e¡ects. The fairly close agreement between the measured and computed distances is in fact remarkable, considering that the accumulated e¡ects are made up of many thousands of very small contributions from individual junctions. For it is the accumulated e¡ects that produce the nodes at the sites of these two junctions, not the two junctions themselves.
In conclusion, the results suggest that wave re£ection e¡ects in the cardiovascular system may enhance rather than impede the £ow, and may thus be a factor in the branching design of arterial trees. Re£ection e¡ects endow peripheral regions of the tree with a mechanism of`sucking' £ow towards them, somewhat like a sponge, although the sucking action in a sponge is caused by an entirely di¡erent mechanism. This suggests that the well-known pressurè peaking' e¡ect in the descending aorta, where the reverse occurs, may be singular rather than typical. In coronary blood £ow, wave re£ection e¡ects may be far more signi¢-cant than is generally suspected and may play a signi¢cant silent' role in coronary heart disease, where the normal architecture of coronary vasculature is disrupted by disease or surgery. 
